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This paper deals with three-dimensional analysis of stress distribution in a long circular cylinder containing an elliptical
crack. The surface of the crack is perpendicular to the axis of the cylinder, and is subjected to a constant pressure. The
equations of the classical theory of elasticity are solved in terms of an unknown function which is then shown to be the
solution of an integro-diﬀerential equation. Numerical solution of the integro-diﬀerential equation is obtained. The resul-
tant stress intensity magniﬁcation factors for the elliptical crack in the cylinder are presented in graphical forms for various
crack aspect ratios, and proximity ratios.
 2006 Elsevier Ltd. All rights reserved.
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The problem of determining the distribution of stress in a long circular cylinder containing a penny-shaped
crack has been investigated by Collins (1962), Sneddon and Tait (1963), and Sneddon andWelch (1963). Later,
Tchuchida andUchiyama (1980) have studied stress distribution in a long cylinder containing an oblate spheroi-
dal cavity and obtained the solution for the penny-shaped crack as the limiting case. However, little attention has
been given to the analysis concerning an elliptical crack in a cylinder. In this paper, by the method in Lee (1993,
1996), we derive the solution of the problem determining the distribution of stress in a long circular cylinder of
elastic material, on the surface of which the shearing stress and radial displacement are zero, when it is deformed
by application of pressure to the inner surface of an elliptical crack situated with its center on the axis of the
cylinder and its plane perpendicular to that axis. It is also shown thatwhen the ellipse reduces to a circle, the equa-
tion derived in the present paper completely agrees with that obtained by Sneddon and Tait (1963).
In Section 2, by the use of stress and displacement ﬁelds, and employing Fourier transform, the integro-dif-
ferential equation is derived in which the unknown function is constant multiple of the crack opening displace-0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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* Tel.: +82 011 9283 5299.
E-mail address: dslee@konkuk.ac.kr
D.-S. Lee / International Journal of Solids and Structures 44 (2007) 4110–4119 4111ment. In Section 3, this integro-diﬀerential equation is shown to agree with the equations derived in Sneddon
and Tait (1963), and some numerical examples are given in Section 4.2. General equations and derivation of the integro-diﬀerential equation
Consider a circular cylinder of radius c having an embedded elliptical crack whose principal diameters are
2a and 2b.
We take the center of the ellipse as the origin of the Cartesian coordinates, and, x- and y-axis along the
major and minor semi-axis of ellipse, respectively, then the crack occupies the region X which is governed





6 1. The crack is taken to lie on the plane z = 0. We shall also use cylindrical coordi-
nates (r,h,z) which are connected to the Cartesian coordinates byx ¼ r cos h; y ¼ r sin h; z ¼ z:
Then the problem determining the distribution of stress in the vicinity of the elliptical crack is equivalent to
that of ﬁnding the distribution of stress in the semi-inﬁnite cylinder zP 0, r 6 c. The boundary conditions for
the present problem can be mathematically stated as follows:On z ¼ 0 :rz ¼ P ðx; yÞ; ðx; yÞ 2 X; ð2:1Þ
uz ¼ 0; ðx; yÞ 2 Xc; ð2:2Þ
srz ¼ shz ¼ 0: ð2:3Þ
On r ¼ c :ur ¼ 0; ð2:4Þ
srz ¼ 0; ð2:5Þ
srh ¼ 0; ð2:6Þwhere the function P(x,y) is prescribed. If we introduce biharmonic and harmonic functions U, and w, so thatr4U ¼ r2w ¼ 0
then the needed component of the displacement vector in terms of them is expressed by the equation in Muki




























































; ð2:10cÞwhere l is modulus of rigidity, and m is Poisson’s ratio. Suitable representation formulae for the functions U,
and w, are chosen to be












cosmhF1s fAmðnÞrImþ1ðnrÞ þ BmðnÞcImðnrÞ; n! zg
#
; ð2:11Þ




sinmhF1c ½CmðnÞImðnrÞ; n! z; ð2:12Þwhere Rðx; u; vÞ ¼ ½ðx uÞ2 þ ðy  vÞ2 þ z212 and Im(f) is the modiﬁed Bessel function of the ﬁrst kind,
F c½f ;F s½f  are the cosine and sine Fourier transforms of the function f, respectively; a(u,v), A(n), B(n),
and C(n) are functions to be determined in order to satisfy boundary conditions. We see that the boundary
conditions (2.2) and (2.3) are satisﬁed by this choice of functions U, and w, given by (2.11) and (2.12). The
boundary condition (2.4) can be written asF c½urðc; h; zÞ; z ! n ¼ 0 ð2:13Þ
From which we obtainX1
m¼0













RcðzÞ ; z! n
 
dudv; ð2:14Þwhere f = nc and Rc(z) is equal to ½ðx uÞ2 þ ðy  vÞ2 þ z2
1
2 evaluated at r = c, and I 0mðfÞ ¼ ðd=dfÞImðfÞ, and
so on.




























RcðzÞ ; z! n
 
: ð2:15ÞNow we make use of the known integral in Erde´lyi et al. (1954) and Watson (1966)Z 1
0
cosðnzÞdzﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx uÞ2 þ ðy  vÞ2 þ z2
q ¼ K0 n ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðx uÞ2 þ ðy  vÞ2q
 





¼ I0ðnr<ÞK0ðnr>Þ þ 2
X1
m¼1
cosfmðh h0ÞgImðnr<ÞKmðnr>Þ; ð2:16Þwhere r< = min(r, r
0), and r> = max(r, r 0) and K0, Km are the modiﬁed Bessel functions of the second kind and
the Cartesian coordinates (u,v) are related to polar coordinates (r 0,h 0) throughu ¼ r0 cos h0; v ¼ r0 sin h0:
Thus, if we use (2.16) in (2.15), then in (2.14), we ﬁnd one relation for solving the unknowns Am(n), Bm(n),
and Cm(n) in terms of the integral involving function a(u,v)ffImðfÞ  mImþ1ðfÞgfAmðnÞ þ fmImðfÞ þ fImþ1ðfÞgfBmðnÞ  2mImðfÞCmðnÞ
¼ m½fð2mþ mÞfKmþ1ðfÞ  ð2mðmþ mÞ þ f2ÞKmðfÞgimðnÞ þ ffKmþ1ðfÞ  mKmðfÞgjmðnÞ; ð2:17Þwhere 
m ¼ 1 if m ¼ 0;2 otherwise; ð2:18Þ
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aðu; vÞImþ1ðnr0Þnr0 cosmh0 dudv: ð2:19bÞHere, for simplicity we chose P(x,y) to be symmetric with respect to x-axis, since we subsequently consider a
constant P(x,y). The boundary condition (2.5) can be written asF s½srzðc; h; zÞ; z ! n ¼ 0: ð2:20Þ
From which, by the analysis similar to previous procedure, we obtainfð2mð1 mÞ þ f2ÞImðfÞ þ ð2 2m mÞfImþ1ðfÞgAmðnÞ
þ fmImðfÞ þ fImþ1ðfÞgfBmðnÞ  mImðfÞCmðnÞ ¼ m½fð2mðmþ 1Þ
þ f2ÞKmðfÞ þ fðmþ 2ÞKmþ1ðfÞgimðnÞ þ fmKmðfÞ þ fKmþ1ðfÞgjmðnÞ: ð2:21ÞThe boundary condition (2.6) can be written asF c½srhðc; h; zÞ; z! n ¼ 0: ð2:22Þ
From which we obtain the third equation to determine Am(n), Bm(n), and Cm(n)mffImðfÞ  ðmþ 1ÞImþ1ðfÞgfAmðnÞ þ mfðm 1ÞImðfÞ þ fImþ1ðfÞgfBmðnÞ
þ fð2mðm 1Þ þ f2ÞImðfÞ þ 2fImþ1ðfÞgCmðnÞ ¼ mm½fðf2 þ 2ðm 1Þðmþ mÞÞKmðfÞ
 fð1 2m mÞKmþ1ðfÞgimðnÞ  fðm 1ÞKmðfÞ  fKmþ1ðfÞgjmðnÞ: ð2:23ÞIf we now solve (2.17), (2.21), and (2.23) simultaneously for Am(n) and Bm(n), we obtain the following
equations:AmðnÞ ¼ A1;mðfÞimðnÞ þ A2;mðfÞjmðnÞ; ð2:24Þ





Imþ1fðf2  4mÞ2ð1 mÞ  m2gf







m ð2:27Þwith Im = Im(f) and so on andDm ¼ 1mf ½I
3
mm
2ð3 2mÞfþ 4I3mþ1ðm 1Þf2  ImI2mþ1ffm2  12mðm 1Þ þ 2ðm 1Þf2g
 2I2m Imþ1mfm2  4mðm 1Þ þ 2ðm 1Þf2g ð2:28Þ










n2½AmðnÞf2ð2 mÞImðnrÞ þ nrImþ1ðnrÞg þ BmðnÞncImðnrÞdn cosmh
¼ P ðx; yÞ; ð2:29Þ






and R ¼ ½ðx uÞ2 þ ðy  vÞ21=2:If we substitute Am(n), Bm(n) from (2.24) and (2.25) into (2.29), we ﬁnally obtain the following integro-diﬀer-














n2½AmðncÞImðnrÞImðnr0Þ þ BmðncÞImþ1ðnrÞImþ1ðnr0Þn2rr0 þ CmðncÞ







ð2þ mÞð1 mÞf2  2Imþ1fðm3 þ m2ð8 6mÞ  2ð1 mÞ

f3f2 þ mðf2  8ÞgÞ þ Im 2ð1 mÞf2ð6m f2Þ þ m2f4m2 þ ð3 2mÞf2g
 
m; ð2:32Þ
BmðfÞ ¼ A2;mðfÞ; ð2:33Þ
CmðfÞ ¼ 2ð2 mÞA2;mðfÞ þ fB2;mðfÞ: ð2:34ÞIt is mentioned here thatA1;mðfÞ ¼ 2ð2 mÞA2;mðfÞ þ fB2;mðfÞ: ð2:35ÞThis is because the coeﬃcient of Im(nr)Im+1(nr 0)nr 0 is given by the right-hand side of (2.35), whereas the coef-
ﬁcient of Im(nr 0)Im+1(nr)nr is given by A1,m(f).3. Penny-shaped crack
In a special case, when the ellipse reduces to a circle, it becomes an axisymmetric problem, and (2.30) is







r2 þ r02  2rr0 cosðh h0Þ






þ C0ðncÞfI0ðnrÞI1ðnr0Þnr0 þ I0ðnr0ÞI1ðnrÞnrgdn
¼ P ðrÞ: ð3:1ÞCopson (1947) has shown that the inner integral of the ﬁrst term of (3.1) isZ 2p
0
dh0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 þ r02  2rr0 cosðh h0Þ
p ¼ 4 Z minðr;r0Þ
0
dtﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr2  t2Þðr02  t2Þ
p : ð3:2Þ
On using (3.2) in (3.1), and integrating with respect to r, we obtain the following Abel-type integral equation































n½A0ðncÞ sinh ntI0ðnr0Þ þ C0ðncÞfsinh ntI1ðnr0Þnr0
























dt: ð3:6ÞWe put this value of a(r 0) into (3.5) and use a equationZ a
0












a0ðtÞ sinh ntdt: ð3:7ÞDiﬀerentiating the above equation with respect to n, we getZ a
0
4aðr0ÞI1ðnr0Þnr0 dr0 ¼ 2pn
Z a
0
a0ðtÞðsinh nt  nt cosh ntÞdt: ð3:8ÞPuttingA0ðncÞ ¼ 4K1ðncÞI1ðncÞ 
1
I21ðncÞ





fI0ðfÞI1ðfÞ ;into (3.5) we ﬁnally obtain the following Fredholm integral equation of the second kind.a0ðtÞ 
Z a
0
Kðt; uÞa0ðuÞdu ¼ hðtÞ; ð3:9Þwhere the kernel K(t,u) is deﬁned by






sinh nu sinh nt

þK1ðncÞ
I1ðncÞ ðnu cosh nu sinh nt þ nt cosh nt sinh nuÞ

dn: ð3:10ÞEqs. (3.9) and (3.10) are identical with those derived in Sneddon and Tait (1963).4. Numerical solution of the integro-diﬀerential equation
We now consider a case in which the crack is opened up by a constant pressure P. To calculate the quan-
tities of physical interest, we employed the same numerical technique used in Lee (1993). From the physical











anmu2nv2m: ð4:1ÞIn (4.1), we truncate after ﬁnite sums, and then use a least-square approximation. Thus, we determine the coef-
ﬁcients anm from the conditionZ
X
½rz þ P 2 dxdy ¼ min :For convenience, we employ the notationhf i ¼
Z
X
f ðx; yÞdxdy:This requirement then imposes necessary conditionso
oanm










;then the condition (4.2) becomesXkþl¼r
k;l¼0
aklhfnmfkli ¼ Phfnmi ðnþ m ¼ 0; 1; . . . ; ‘Þ ð4:3Þand hence leads to ‘ + 1 simultaneous equations in the ‘ + 1 unknown coeﬃcients. From the experience, it is
more than suﬃcient if we take ‘ = 2 in (4.3). It is also mentioned in Wang (1993). Thus, (4.1) is now approx-




ða00 þ a10u2 þ a01v2 þ a20u4 þ a11u2v2 þ a02v4Þ;where L = 1  (u2/a2)  (v2/b2). Since a(u,v) is an even function of u, we see that the coeﬃcients with sub-
scripts of odd numbers in (2.31) such as A2mþ1ðncÞ and so on are absent. For numerical implementation of







u2nv2m dudv ðnþ m 6 2Þ: ð4:4ÞBy the analysis similar to Lur’e (1964, p. 110), we obtain






























k þ j 2r þ 2‘
p
  ð2rÞ!







 p Z 2p
0
cos2kþ2‘2rþjp k sinpþj k
Ukþ‘rþjþ1=22











b2and [(k + j)/2] denotes the greatest integer 6 (k + j)/2.
The integral in the above equation is evaluated as follows:Z 2p
0
cos2kþ2‘2rþjp k sinpþj k
Ukþ‘rþjþ1=22




cos2kþ2‘2rþjp k sinpþj k
Ukþ‘rþjþ1=22




cos2kþ2‘2rþjp k sinpþj k







ð1 k2 cos2 kÞkþ‘rþjþ1=2


















ð1 k2 cos2 kÞkþ‘riþjþ1=2
dk; ð4:7Þwhere k2 = 1  b2/a2, and (p + j)/2 is an integer since (4.6) is not equal to zero only when p + j is an even inte-








cd2ðkþ‘riþjÞudu , O2ðkþ‘riþjÞ; ð4:8Þwhere K = K(k), the complete elliptic integral of the ﬁrst kind. We have the following reduction formula for
O2m in Byrd and Friedman (1971, p. 198)O2mþ2 ¼ 2mð1þ k
2ÞO2m þ ð1 2mÞO2m2
ð2mþ 1Þk2 : ð4:9ÞThus, ﬁnally we see that one needs the following starting values for evaluating the general terms of O2m:O0 ¼ KðkÞ; O2 ¼ fKðkÞ  EðkÞg=k2; ð4:10Þ
where E(k) is the complete elliptic integral of the second kind.
The correctness of (4.5) has been checked using equations in Lee (1996) numerically, and they agree com-
pletely with each other.
Once the unknowns anm are determined, the stress intensity factor is calculated in a straightforward
manner.
The stress intensity factor using the formula in Sih and Liebowitz (1968) is equal to
Fi
Fi





; ð4:11ÞwhereS1 ¼ 2pﬃﬃﬃﬃﬃ
ab
p ða2 sin2 /þ b2 cos2 /Þ1=4 ð4:12Þandx ¼ a cos/; y ¼ b sin/: ð4:13ÞIn the following, some numerical examples are given. In Figs. 1 and 2, we plot the stress intensity magni-
ﬁcation factor MT which is deﬁned byMT ¼ k1k1e ; ð4:14Þwhere k1 is the actual stress intensity factor for the elliptical crack in a cylinder of ﬁnite radius subjected to a
uniform pressure inside the crack. k1e is the corresponding stress intensity factor for the elliptical crack in an




ða2 sin2 /þ b2 cos2 /Þ1=4: ð4:15Þg. 1. Stress intensity magniﬁcation factor for an elliptical crack in a cylinder subjected to uniform pressure(a/b = 2, v = 0.3).
g. 2. Stress intensity magniﬁcation factor for an elliptical crack in a cylinder subjected to uniform pressure(a/b = 4, v = 0.3).
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the polar angle, i.e., the angle between the x-axis and the line connecting the center of the ellipse and a point
on the ellipse as in Nuller et al. (1998). We mention this here because of some controversy about the correct-
ness of (4.15).
Figs. 1 and 2 show the stress intensity magniﬁcation factor, MT, along the periphery of an embedded ellip-
tical crack in a cylinder for crack geometries a/b = 2,4. We notice in these ﬁgures that magniﬁcation factors of
oblong cracks are fairly small. We have also obtained an iterative solution as in Lee (1993) against which to
check the full numerical solution. We found that the present solution agrees fairly well with the iterative solu-
tion at / = 0 with minor discrepancy as / approaches to 90 unless c/a is too near to one.





I2mf2ð1 mÞð2m f2Þðf2 2mmÞþm2f2ð3 2mÞg







I2m2mð1 mÞð2m f2Þþ I2mþ1ð1 mÞ4f2þ ImImþ1ð2ð1 mÞð4m f2Þþm2Þf
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